Abstract. The purpose of this note is to give an adequate Calderón-Zygmund type lemma in order to extend to the general setting of spaces of homogeneous type the Ap weighted Lp boundedness for the Hardy-Littlewood maximal operator given by M. Christ and R. Fefferman.
Lemma 1. Let E be a bounded subset of X and assume that for each x E E there exist y(x) E X and r(x) > 0 such that x G B(y(x), r(x)). Then, there exists a sequence of disjoint balls {B(y(x,), r(x,))} such that E E U%xB(y(xl),5K2r(xi)). A2b-k-\b-iy'p{Bk)mè,f^p{Bk)/2.
In order to prove (2.6), let x be a point such that Mf(x) < oo; then jíEÍI, for some k E Z. By (2.1), x G Bk for some j E N. Assume that x E Ak, then there exists (I, n) E Ik such that x G É'n, and from (2.3) we obtain which is a contradiction. Thus, the sequence {Ek) is a covering of {x: Mf(x) < oo}. On the other hand, on account of the weak type (1,1) boundedness of the Hardy-Littlewood maximal function operator, the set {x: Mf(x) = 00} is of measure zero and therefore (2.6) is proved. From (2.2) we see that 00 2 Xf/(x) =Xuf=lff(x) ^Xuy-.f/W,
7=1
for any k E Z. By definition of Ek it follows readily that no point of X belongs to more than three of the sets U°°=, Ek. Then 00 00 00 2 2 X//UH 2 Xu-=1£/(^)<3, fc--00 j-1 k = -oo which is (2.7). This finishes the proof of the lemma. With this result the argument given in [1] can be adapted to our purposes and we shall check the details. Let w be a weight function satisfying the A condition supwBw[mBw1/('-/')]'' < 00.
B
As in the euclidean case, the weight a = w]/0~p) satisfies A where q + p = qp; then both w and a satisfy theA^ condition, that is
for all E E B, with C and ô positive and independent of F and F. Suppose p(X) -00 and/as in Lemma 2. Then (2.6) and (2. where Ma is the Hardy-Littlewood maximal function operator on the space of homogeneous type (A', d, a dp). Then, we have ||M/|U,(W") < cjj>a-'+1 ¿pj P = C\\f\\m»dlt).
This completes the proof for the case p(X) = oo. If p(X) < oo, let Y be X X R, 8: YX Y -» R+ U{0} defined by 8((xx, tx), (x2, t2)) = max{d(xx, x2), \tx -t2\) and v -p X X, where X is the Lebesgue measure on R; then (Y,d,v) is a space of homogeneous type with v(Y) -oo. Given a weight w satisfying A on X, then W(x, t) = w(x) satisfies Ap on Y. If / is a measurable function on X, define F(x, t) = f(x)X(-2R,2R)(0 on Y, where R is such that F(x, F) = X for every x G X. With these definitions it is clear that Mf(x) < MYF(x, t) for all t E (-R, R), where MY is the Hardy-Littlewood maximal function operator on Y. By these remarks, the result just proved applied to MY, F and W implies the desired inequality.
